Abstract. We give a detailed and clear exposition of the basic result describing the structure of a finite subset A of a nonabelian group G with a small doubling |A 2 | < 1.5|A|.
Introduction
Let G be a group, A be a finite subset of G, |A| be the number of elements in A, |A| = k, A = {a 0 , a 1 , ..., a k−1 } ,
Definition. The quotient
is said to be the doubling coefficient of A. The structure of a finite subset A of a nonabelian group G with a small doubling of |A 2 | < 1.6|A| was found in 1973 in [5] . These results were published in a provincial Russian edition. The proofs were too short and the exposition was far from clear (for example, the size of the proof of the main result of this note was less than 1 page). We now see a renewed interest in the study of sets with small doubling in groups (see [1] - [4] , [6] - [8] , where a very natural concept of an "approximate group" was introduced which, roughly speaking, is a symmetric subset of a group with a small doubling). We feel therefore that a detailed presentation and continuation of the study which we began in [1] would be desirable. In this paper we begin with the case C(A) < 1.5.
Formulation of the main result
Theorem. If
then the following assertions hold:
We will show now that for any two elements of a α ∈ A and a β ∈ A we have
and the last union is a partition. Therefore in view of |A| = k, |A| 2 < 1.5|A|, (1), (3) and (4) we have
where, because of (2), s > k 2 . In view of (5) we have, for each 1 ≤ i ≤ s,
From (6) we obtain Let us now take any other pair a γ ∈ A and a δ ∈ A. We would have as in (2)- (5),
and now as in (6) we have y j = a γ e j = a δ g j , where e j , g j ∈ A for each 1 ≤ j ≤ p, and finally (9) a
As above, we have
From (7) and (9) we get the equalities
for each i, j, where 1 ≤ i ≤ s and 1 ≤ j ≤ p. Now look at the product f
Here f i ∈ {f 1 , f 2 , ..., f s } = F and e j ∈ {e 1 , e 2 , ..., e p } = E. We have F ⊂ A, E ⊂ A, where because of (2), (5), (8) From (10), taking i = i 0 and j = j 0 , we get
We see that for every choice of 1
there exist two elements d i 0 ∈ A and g j 0 ∈ A for which (11) is valid, which means that
since a α , a β , a γ , a δ run over the set A independently.
Let us now begin the same proof in a different way, taking any two elements a α ∈ A and a β ∈ A and looking at the intersection of the sets Aa α , and Aa β instead of a α A ∩ a β A. Instead of the left side in (7) we would obtain the term a α a −1 β and further the equality
instead of (11), which means instead of (12),
Remembering that the identity element e ∈ AA −1 , from (13) we obtain
In the same way we obtain from (12),
Thus, in view of (14) and (15),
This equality together with (12) gives
We see that H is a finite subset of a group G closed under multiplication; i.e., H is a (finite) subgroup of G. The main part of (a) is proved.
The order of H is small, |H| ≤ |A
There are k 2 products of the form a i a j , a i ∈ A, a j ∈ A. These products are elements of the set A 2 of cardinality |A 2 | < 3 2 k. Thus, by Dirichlet's principle, there exists an element z ∈ A 2 which has u different representations in the form a i a j , a i , a j ∈ A:
Now choose two elements a α and a β where 1 ≤ α, β ≤ k and, in the same way as for (2), we show that
This set may be described in two ways:
and therefore H is a subgroup of G) .
Each element of the coset zH, because of (17) and (21), may be written in the form and from here we get (25) |H| ≤ |A 2 | < 1.5k .
A 2 is a left coset of a subgroup H
Take any two elements a α and a β from A. We have
In the same way as for (2), we can show that for two sets A −1 a α and Aa
Indeed, A −1 a α and Aa
−1
β are both of cardinality k and both are subsets of H, in view of (16). Using |H| < 3 2 k, we obtain (26). This set may be described in two ways:
Now take the set
Now take one more pair a γ and a s , elements from A. As in (27) we have
where u > k 2 , i.e. u representations of a γ a δ as products of pairs of elements from A.
Taking an element a
α a γ a δ from the set (28), we have, using (27) and (29), tu representations a
Because we have t > k 2 and n > k 2 we can find l = l 0 and n = n 0 such that b l 0 = l n 0 and so
From (30) it follows that a
and in view of (25),
End of the proof
We have two possibilities:
In the case (d) there exists an element a α a β ∈ A 2 ∩ H, and from (31) it follows that A 2 ⊆ H. However, |H| = |A 2 | by (32), and we conclude that H = A 2 . The proof of (b) is complete. In this case, H is A-invariant.
In case (e) from (31) and (32) we see that A 2 = a α a β H for some α and β; i.e., A 2 is a coset of H, completing the proof of (c γ Ha γ , completing the proof of (a).
